Abstract. These are the notes for the talk "Hodge numbers of a hypothetical complex structure on S 6 " given by the author at the MAM1 "(Non)-existence of complex structures on S 6 " held in Marburg in March 2017. They are based on [Gra97] and [Uga00], where Hodge numbers and the dimensions of the successive pages of the Frölicher spectral sequence for S 6 endowed with a hypothetical complex structure are investigated. We also add results from [McH1] , where the Bott-Chern cohomology of hypothetical complex structures on S 6 is studied. The material is not intended to be original.
Introduction
In [Gra97] , Alfred Gray investigated the properties of the Dolbeault cohomology of a hypothetical complex structure on S 6 . In particular, he proved that, if S 6 admits a complex structure, then the corresponding Hodge number h 0,1 is positive [Gra97, Theorem 5] , that is, there exists a non-zero ∂-closed non-∂-exact (0, 1)-form, that hopefully may be interpreted geometrically. In particular, the Frölicher spectral sequence does not degenerate at the first page. Moreover, one can deduce also that, at the second degree, (that is, for h p,q with p + q = 2,) either h 2,0 or h 1,1 are non-zero [Uga00, Proposition 3.1]. As in [HKP00, Proposition 10.3], [McH1, Lemma 1, Lemma 2], one can also show that h 1,0 (X) ≤ h 2,0 (X) (and that h 1,0 (X) ≤ 1 once proven that the algebraic dimension is zero, see [LRS17] ); as in [Uga00, Remark 3.4], one can also show that h 1,1 (X) ≥ h 1,2 (X) − h 0,2 (X).
Further invariants, besides Dolbeault cohomology, are provided by the successive pages of the Frölicher spectral sequence. This has been investigated by Luis Ugarte in [Uga00] . In particular, he proves that the Frölicher spectral sequence degenerates at the third page [Uga00, Lemma 2.1], that Serre symmetry holds also for the successive pages of the Frölicher spectral sequence [Uga00, page 174], and that either h 1,1 is non-zero, or there exists a d-closed holomorphic 2-form and E 2 = E 3 = E ∞ [Uga00, Corollary 3.3.]; this latter special case is depicted in Figure 3 . More precisely, the Frölicher spectral sequence degenerates at the second page if and only if h 1,2 (X) = h 1,1 (X) − 1 ≥ 0 and h 0,2 2 (X) = 0. Note that this would be the first simply-connected example in the lowest possible dimension with 
(for non-simply-connected example, see [CFG87] ).
We summarize the informations concerning Dolbeault cohomology (1), (2), (3), (4), respectively the successive pages of the Frölicher spectral sequence (8), (9), (10), (11), (14), (15), (16) in the diamonds in Figure 1 , see also [McH1] . 0.1. Further remarks. We add some remarks on the literature.
We first notice that, since the de Rham cohomology of S 6 is trivial in degree different that 0 and 6, from the above informations we can derive the structure of the double-complex of hypothetical complex structures on S 6 , see Figure 2 [Ang15]. Then one gets also informations on the BottChern H 
BC (X) = 1. Here, we have denoted h 
Second, if we endow S 6 with a hypothetical complex structure and we construct the blowing-up at one point, then we get an exotic complex structure on a manifold diffeomorphic to CP 3 (which is non-Kähler [HK57] , not even Moishezon [Pet85] ). Cohomological properties of hypothetical exotic complex structures on CP 3 are investigated in [Bro07] . Third, Gabor Etesi [Ete05v8] (see Remark 5.1 (3) in the arXiv version 8, arXiv:math/0505634v8) expects that h 0,1 (X) = h 1,1 (X) = 1 and h 0,2 (X) = h 1,2 (X) = h 1,0 (X) = h 2,0 (X) = 0. Bott-Chern cohomology in this case is considered in [McH1, Section 3.2]. Under these assumptions, the Frölicher spectral sequence degenerates at the second page. On the other hand, the case h 1,1 (X) = 0 is investigated in [Uga00] . Indeed, by the structure of E
•,• 2 (X) under the assumption h 1,1 (X) = 0, he gets that h 1,2 (X) = h 0,2 (X), h 0,1 2 (X) = h 0,1 (X), and then also h 0,1 (X) = h 0,2 (X)+1, h 2,0 (X) = h 1,0 (X)+ h 0,2 (X) + 1. At the end, the Hodge numbers are completely determined by the non-negative integers h 1,0 = h 1,0 (X) ∈ {0, 1} and h 0,2 = h 0,2 (X), and the Frölicher spectral sequence is determined by h 1,0 , h 0,2 , and the non-negative integer h 0,2 2 = h 0,2 2 (X), see Figure 3 . Note in particular that E
Preliminaries
We denote by X the manifold S 6 endowed with a hypothetical complex structure.
1.1. Dolbeault cohomology and Frölicher spectral sequence. We recall that the Dolbeault cohomology is Figure 2 . Main structure of the double complex associated to a hypothetical complex structure on the 6-dimensional sphere. The labels count the number of respective objects and α, h 0,2 , β, h 1,0 , h 1,1 are unknown non-negative integers. In this diagram, the infinite squares and the arrows arising from symmetries have been removed. to the kernel of a 2nd order elliptic operator, therefore the Hodge numbers are finite. Moreover, Serre duality holds: as real vector spaces,
An explicit isomorphism can be costructed as follows. Fix a Hermitian metric g on X, and consider the induced volume form. Then we have a (positivedefinite) Hermitian product on H
•,• ∂ (X): the L 2 -pairing _|_ . It can be represented by the C-linear Hodge-star-operator * :
The associated spectral sequence is called Frölicher spectral sequence [Frö55] :
and
In particular, h p,q r are finite, for r ≥ 1. We give a heuristic picture, inspired by the MathOverflow discussion at http://mathoverflow.net/questions/25723/ by Greg Kuperberg, see also http://mathoverflow.net/questions/86947/. See also [Ang15] . A double complex can be decomposed into direct sum of zigzags ( Figure 4a ) and squares of isomorphisms (Figure 4b ), see also [DGMS75] . The length of a zigzag is defined as the number of non-zero objects in it. The squares do not contribute to cohomology. Even-length zigzags of length 2ℓ do not contribute to the de Rham cohomology: they are killed at the (ℓ + 1)th page of the Frölicher spectral sequence. Odd length zigzags gives contribution 1 at every page of the spectral sequence, at one of the two ends of the zigzag itself. So, the Frölicher spectral sequence degenerates at the first page if there is no zigzag of positive even length. In this case, the existence of zigzags of odd-length greater than one is then the obstruction to the Hodge decomposition (that is, to Dobeault cohomology providing a Hodge structure on the de Rham cohomology). On the other side, the maximum length of a even zigzag is 2 dim C X, which means that the Frölicher spectral sequence degenerate at most at the (dim C X +1)th page. If there is no holomorphic top-degree form, then the maximum length of a zigzag is actually 2 (dim C X −1), which means that the Frölicher spectral sequence degenerates at most at the (dim C X)th page.
Therefore, by dimension reasons, the Frölicher spectral sequence of X converges at most at the 4th page, being 4 = dim C X + 1. This means that, other than
we have the additional finite-dimensional invariants:
.
An explicit description of the above terms can be found in [CFUG97, Theorem 1, Theorem 3]:
where, for r = 1,
and, for r ≥ 2, X p,q r := α p,q ∈ ∧ p,q X : ∂α p,q = 0 and, for any i ∈ {1, . . . , r − 1}, 
Dolbeault cohomology
In this section, we derive the Hodge numbers of a hypothetical complex structure on S 6 . By Serre duality, we have
We compute h 0,0 (X) = 1, h 3,0 (X) = 0, we express h 0,1 (X) in terms of the unknown non-negative integer h 0,2 (X) getting h 0,1 (X) ≥ 1, and we derive a relation between h 2,0 (X), h 1,1 (X), h 1,0 (X), h 1,2 (X) getting that either h 1,1 (X) or h 2,0 (X) is non-zero. As for holomorphic 1-forms, we can further prove that h 1,0 (X) ≤ h 2,0 (X). In Section 3.3, we will also derive the inequality
We summarize the informations from the equations (1), (2), (3), (4), (5), (6), (17), and Serre duality, in the Hodge diamond in Figure 1a. 2.1. No non-zero holomorphic 3-forms. First of all, we notice that, X being connected, then h 0,0 (X) = 1.
We compute now the other corners of the Hodge diamond, that is, h 3,0 (X) and h 0,3 (X); note that they are equal by Serre duality. We claim that X does not have any non-zero holomorphic 3-forms [Gra97, Lemma 4], that is, H 3,0 ∂ (X) = H 0 (X; Ω 3 X ) = 0. More precisely, we prove that there is a natural injective map H 3,0 ∂ (X) → H 3 (S 6 ; C), (more in general, there is a natural injective map H n,0 ∂ (X) → H n (X; C) on a compact complex manifold of complex dimension n,) see e.g. [Bro07, Lemma 2.2], from which we get the claim by using
Fix any Hermitian metric on X. Note that the associated (C-linear) Hodgestar-operator * : ∧ p,q X → ∧ 3−q,3−p is C ∞ (S 6 ; C)-linear. Note also that, with respect to a unitary local co-frame {ϕ 1 , ϕ 2 , ϕ 3 } for ∧ 1,0 X, the form ϕ 1 ∧ ϕ 2 ∧ ϕ 3 is an eigenvector for * . This implies that * β = β. By applying Stokes theorem, if β = dη is exact, we get
Since the L 2 -pairing is non-degenerate, we get β = 0, which proves the statement. Summing up, we have computed
2.2. The "surprising fact" that h 0,1 (X) is non-zero. We prove now that
This is reported as a "surprising fact" by A. Gray: although S 6 is simplyconnected, there exists a non-zero ∂-closed non-∂-exact (0, 1)-form that could be hopefully "interpreted geometrically", [Gra97,  
Proof (using Atiyah and Singer index theorem). Recall that the Euler characteristic is the index of the elliptic complex (∧ • S 6 , d):
where b k (S 6 ) := dim R H k (S 6 ; R) denote the Betti numbers. Note that the alternate sum does not change moving from
for any r ∈ {1, 2, 3, 4}. By taking into account the Serre duality, we can write:
Here,
is the arithmetic genus [Hir78] , that is, the analytic index of the elliptic complex (∧ 0,• X, ∂). By the Hirzebruch-Riemann-Roch theorem [Hir78] , which is a special case of the Atiyah and Singer index theorem [AS68, Theorem 2.12], the analytic index of the elliptic complex above is equal to the topological index of the elliptic operator ∂, namely,
where ch σ(∂) denotes the Chern character of the symbol of the differential operator ∂ and Td(X) is the Todd class of X and [T X] is the fundamental class of the tangent bundle. As a combination of Chern classes c 1 ∈ H 2 (S 6 ; Z) = 0 and c 2 ∈ H 4 (S 6 ; Z) = 0, we have
At the end, we get χ 0 (X) = 0, that is,
Taking into account (1), and (2) and Serre duality, we get
which allow to write h 0,1 (X), (and h 3,2 (X), h 3,1 (X), by Serre duality,) in terms of the unknown non-negative integer h 0,2 = h 0,2 (X).
Proof (using the exponential sequence). Note that the property h 3,0 (X) = 0 assures that the canonical bundle K X is holomorphically non-trivial. Consider the exponential sequence
The long exact sequence in cohomology gives, in particular,
Since H 1 (X; Z) = 0 and H 2 (X; Z) = 0, we get
, and in particular h 0,1 (X) = 0, since K X ∈ H 1 (X; O × X ) is non-trivial.
The non-vanishing of Dolbeault cohomology at second degree.
Finally, by 2 = χ = 2 q (−1) 1+q h 1,q , we get [Uga00, Proposition 3.1]
that is, by Serre duality,
In particular, either h 2,0 (X) or h 1,1 (X) is non-zero.
Further inequalities on the Hodge numbers -I.
We derive here some further inequalities concerning the Hodge number h 1,0 (X), that is, the dimension of holomorphic 1-forms, following [HKP00, McH1] . We first derive the inequality [HKP00, Proposition 10
We recall the proof by [HKP00, McH1] . Another explanation will be given in Section 3.3 as in [Uga00, Remark 3.4]. More precisely, we prove that the map ∂ :
is injective, where ∂ denotes the induced map in Dolbeault cohomology. Indeed, let ϕ be a ∂-closed (1, 0)-form such that ∂[ϕ] = 0, that is, [∂ϕ] = 0. By degree reasons, it holds ∂ϕ = 0. Therefore dϕ = 0. Since b 1 (S 6 ) = 0, then there exists a smooth function f such that ϕ = df . By degree reasons, ϕ = ∂f and ∂f = 0. This implies that f is constant, and then ϕ = 0.
Remark 2.1. Let us assume that the algebraic dimension a(X) := tr deg C M(X) of a hypothetical complex structure on S 6 is zero, as claimed in [CDP98, Corollary 2.2] and its Corrigendum; see the discussion in [LRS17] . In this case, we now prove the following bound for h 1,0 (X). It first appears in [HKP00, Proposition 10.3], where it is attributed to Matei Toma (see also [McH1, Lemma 2]). We also thank Sönke Rollenske for several remarks about it (see also [LRS17] ). Under the assumption a(X) = 0, it holds that:
Indeed, we first notice that, by degree reasons, Dolbeault cohomology (•, 0)-classes are identified with holomorphic •-forms, which have a structure of algebra. If we had h 1,0 (X) ≥ 2, then also h 2,0 (X) ≥ h 1,0 (X) ≥ 2 by (5). Suppose that α 1 and α 2 are independent holomorphic 1-forms. Since by assumption the algebraic dimension a(X) := tr deg C M(X) is zero, that is, there is no non-constant meromorphic function on X, then α 1 ∧α 2 = 0. Then α 1 ∧ α 2 is a holomorphic 2-form; and there is another holomorphic 2-form β 2 being independent with α 1 ∧ α 2 . Since β 2 is independent with α 1 ∧ α 2 and using again that a(X) = 0, then either α 1 ∧ β 2 or α 2 ∧ β 2 is a non-zero holomorphic 3-form. This is impossible by [Gra97, Lemma 4].
Frölicher spectral sequence
In this section, we compute the successive pages of the Frölicher spectral sequence. We prove that it actually degenerates at the third page, as a consequence of the vanishing of holomorphic top-degree forms. Then we study the second page of the Frölicher spectral sequence. We summarize the informations in (8), (9), (10), (11), (14), (15), (16) in the diamond in Figure 1b . In particular, we notice that a symmetry à la Serre holds also for E 3.1. Degeneration at the third page. We first prove that the Frölicher spectral sequence of X degenerates at the 3rd page [Uga00, Lemma 2.1]. This will follow by the property that X has no holomorphic 3-forms.
We recall that
Therefore, E p,q r+1 (X) are quotients of subgroups of E p,q r (X). Since ∧ p,q X is non-zero only for p, q ∈ {0, 1, 2, 3}, then E p,q r (X) is non-zero only for (p, q) ∈ {0, 1, 2, 3} 2 , for any r ≥ 1. In particular, d r = 0 for any r ≥ 4, being 4 = dim C X + 1. This means that E
•,• 4 (X) = E
•,• ∞ (X), and the Frölicher spectral sequence degenerates at most at the 4th page. (More in general, on a compact complex manifold of complex dimension n, the same argument yields that the Frölicher spectral sequence degenerates at most at the (n + 1)th page.)
In this case, the only non-trivial maps that may appear in (E 
see Figure 1c .
3.2. Second page. We compute now the 2nd page of the Frölicher spectral sequence [Uga00, Theorem 3.2]. We first compute the four corners of the diamond. Since, by (2) and Serre duality, we have 0 = h 3,0 (X) = h
Since, by (7) and (1) and Serre duality, we have 1 ≤ h 0,0
1 (X) = h 0,0 (X) = 1, where the last equality follows by the Maximum Principle, X being compact, and 1 ≤ h 3,3
2 (X) = 1.
The non-trivial maps in the complex (E
2 (X) → 0. Actually, by (8), we have
2 (X) → 0. Since the cohomology of these maps is given by E p,q 3 (X) that vanishes for any (p, q) ∈ {(0, 0), (3, 3)}, we get
and h 1,1
and isomorphisms giving
A further relation can be obtained by the following observation. For q ∈ {0, 1, 2, 3}, the complex
has the same index as
Varying q ∈ {0, 1, 2, 3} and using the known relations on the Hodge numbers, we have:
2 (X) − 1. In particular, the first and the fourth equations give h 
The second and third equations now give h 
We notice that [Uga00, Corollary 3.3]: either h 1,1 (X) = 0; or h 1,1 (X) = 0 then h 0,1 First, we give another evidence for the inequality (5). Consider the complex
Similarly, consider the complex
Then we get
from which we finally get [Uga00, Remark 3.4]
Bott-Chern cohomology
From the knowledge of the pages of the Frölicher spectral sequence, we get the double complex of forms: its main structure is depicted it in Figure 2 , see [Ang15] . Indeed the odd-length zigzags, which are the ones contributing to the de Rham cohomology, sit only at E 
2 (X) = 0. More concretely [McH1, Lemma 7] , let ϕ ∈ ∧ 1,0 X such that ∂ϕ = ∂ϕ = 0; then also dϕ = 0 and [ϕ] ∈ H 1 dR (X; C) = 0; then there exists f ∈ C ∞ (X; C) such that ϕ = df ; this means that ϕ = ∂f and ∂f = 0; that is, f is a holomorphic function on X compact connected, whence constant by the Maximum Principle; we get that ϕ = 0; 
BC (X) ; note now that b 1 (S 6 ) = 0 yields that this is in fact a direct sum; finally, the maps ∂ : H 1,0
on the other side, any ∂-closed (2, 0)-form ϕ is also ∂-closed: this is because ∂ϕ is a holomorphic 3-form, but there is no non-zero holomorphic 3-form [Gra97, Lemma 4]; then the natural map H 
it is straightforward to check that it is exact, because of degree reasons; moreover, we know that h By using also (4), this completes the proof of the claim. it is straghtforward to check that it is exact, because of degree reasons; moreover, since b 2 (S 6 ) = 0, then the image of the map H Figure 5. Dimensions of the Bott-Chern and Aeppli cohomologies of a hypothetical complex structure on S 6 , see [McH1, McH2] . With respect to the bi-graduation ∧ p,q X, the horizontal axis represents p and the vertical axis represents q. The h
